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CRN)implementa2on)verifica2on)

X3 + X4 k1! X5

X5 k2! X1

X1 + X2 k3! X3

There&is&a&CRN&that&describes&this&system.&

[Soloveichik,&Seelig,&Winfree&2010]&
[Cardelli&2011]&
[Qian,&Soloveichik,&Winfree&2011]&



CRN)implementa2on)verifica2on)

X3 + X4 k1! X5

X5 k2! X1

X1 + X2 k3! X3

Can&be&done&using&“reac2on)enumerators”&
&
[Grun,&Sarma,&Wolfe,&S,&Winfree&‘14]&
Visual&DSD&[Lakin,&Youssef,&Polo,&EmmoU,&Phillips&‘11]&

X3 + g1 k4! i + g2

i + g2 k5! X3 + g1

i + x4 k6! j + w1

j + g3 k7! X5 + w2

X5 + g4 k8! k + w3

k + g5 k9! X1 + w4

X1 + g6 k10! l + g7

l + g7 k11! X1 + g6

l + X2 k12! m + w5

m + g8 k13! X3 + w6



CRN)implementa2on)verifica2on)

X3 + X4 k1! X5

X5 k2! X1

X1 + X2 k3! X3

Can&be&done&using&“reac2on)enumerators”&
&
[Grun,&Sarma,&Wolfe,&S,&Winfree&‘14]&
Visual&DSD&[Lakin,&Youssef,&Polo,&EmmoU,&Phillips&‘11]&

X3 + g1 k4! i + g2

i + g2 k5! X3 + g1

i + x4 k6! j + w1

j + g3 k7! X5 + w2

X5 + g4 k8! k + w3

k + g5 k9! X1 + w4

X1 + g6 k10! l + g7

l + g7 k11! X1 + g6

l + X2 k12! m + w5

m + g8 k13! X3 + w6

Q:&Can&we&develop&a&mathemaWcal&noWon&of&
“equivalence”&between&the&original&CRN&and&
the&implementaWon&CRN?&

=&?&



Why)do)we)care?)

Obviously,&immediate&moWvaWon&is&verificaWon&of&CRN&implementaWons.&

Figure:&Niles&Pierce&

1&
2&

1*&

2*&
3*&

4*& 4&
3&

Any&of&these&steps&could&go&wrong.&



Why)do)we)care?)

No.)Formaliza2on)and)automa2on)seems)necessary.)

X3 + X4 k1! X5

X5 k2! X1

X1 + X2 k3! X3

X3 + g1 k4! i + g2

i + g2 k5! X3 + g1

i + x4 k6! j + w1

j + g3 k7! X5 + w2

X5 + g4 k8! k + w3

k + g5 k9! X1 + w4

X1 + g6 k10! l + g7

l + g7 k11! X1 + g6

l + X2 k12! m + w5

m + g8 k13! X3 + w6

=&?&

But&can&I&not&just&
do&this&by&hand?&



Life+ain’t+easy…+



Why)do)we)care?)

X3 + X4 k1! X5

X5 k2! X1

X1 + X2 k3! X3

X3 + g1 k4! i + g2

i + g2 k5! X3 + g1

i + x4 k6! j + w1

j + g3 k7! X5 + w2

X5 + g4 k8! k + w3

k + g5 k9! X1 + w4

X1 + g6 k10! l + g7

l + g7 k11! X1 + g6

l + X2 k12! m + w5

m + g8 k13! X3 + w6

=&?&

But&you&are&implemenWng&each&
reacWon&separately.&So&why&can’t&I&
verify&them&separately?&

Yes&you&can,&if&there&is&no&crosstalk&between&
modules&implemenWng&different&reacWons.&
[Lakin,&Phillips,&Stefanovic&2013]&



Why)do)we)care?)

Because&of&scaling&issues&that&arise&in&pracWce,&one&may&want&to&use&an&
implementaWon&that&minimizes&the&number&of&species/reacWons&used.&
&
E.g.&

A! Z

B ! Z

C ! Z

D ! Z

A! i

i! Z

B ! j

j ! Z

C ! k

k ! Z

D ! l

l! Z

A! i

B ! i

C ! i

D ! i

i! Z

Target&CRN&

Proposed&implementaWon&#1&

Proposed&implementaWon&#2&

Open&quesWon:&OpWmizaWon&techniques&for&CRN&implementaWons?&



Why)do)we)care?) (In&my&wildest&dreams&.&.&.&)&

The&paradigm&of&CRN&equivalence&tesWng&seems&to&be&very&general.&

1&
2&

1*&

2*&
3*&

4*& 4&
3&

Verify&other&steps?&

Verify&other&engineered&chemical&systems?&

Study&naturally&arising&systems?&

Any&implicaWon&in&other&
models&of&concurrent&
computaWon?&



We)ignore)chemical)kine2cs)

Open&quesWon:&CRN&equivalence&tesWng&with&chemical&kineWcs?&

We&want&to&know&whether&the&two&CRNs&have&the&same&“logical”&behaviors.&

[Lakin&et&al.&‘12]&[Cardelli&‘14]&

X3 + g1! i + g2
i + g2! X3 + g1
i + x4! j + w1
j + g3! X5 + w2

X5 + g4! k + w3
k + g5! X1 + w4

X1 + g6! l + g7
l + g7! X1 + g6

l + X2! m + w5
m + g8! X3 + w6

=&?&
X3 + X4! X5

X5! X1
X1 + X2! X3



We)ignore)gate)species)and)waste)species)

X3 + g1! i + g2
i + g2! X3 + g1
i + x4! j + w1
j + g3! X5 + w2

X5 + g4! k + w3
k + g5! X1 + w4

X1 + g6! l + g7
l + g7! X1 + g6

l + X2! m + w5
m + g8! X3 + w6

=&?&
X3 + X4! X5

X5! X1
X1 + X2! X3



We)ignore)gate)species)and)waste)species)

X3 + g1! i + g2
i + g2! X3 + g1
i + x4! j + w1
j + g3! X5 + w2

X5 + g4! k + w3
k + g5! X1 + w4

X1 + g6! l + g7
l + g7! X1 + g6

l + X2! m + w5
m + g8! X3 + w6

=&?&
X3 + X4! X5

X5! X1
X1 + X2! X3



We)ignore)gate)species)and)waste)species)

=&?&
X3 + X4! X5

X5! X1
X1 + X2! X3

X3! i

i! X3
i + x4! j

j ! X5
X5! k

k ! X1
X1! l

l! X1
l + X2! m

m! X3

Formal)CRN)

Implementa2on)CRN)

Formal&species:&X1,&X2,&X3,&X4,&X5&
Intermediate&species:&I,&j,&k,&l,&m&



We)consider)“2dy”)CRNs.)

Some&implementaWons&may&get&“stuck,”&producing&an&intermediate&species&
that&is&not&really&intermediate.&

A! i

i + B ! C



We)consider)“2dy”)CRNs.)

Some&implementaWons&may&get&“stuck,”&producing&an&intermediate&species&
that&is&not&really&intermediate.&

Tidy&CRNs&clean&up&all&its&intermediate&species&and&get&back&to&a&formal&state.&

A ⌦ i

i + B ! C



=&?&
X3 + X4! X5

X5! X1
X1 + X2! X3

X3! i

i! X3
i + x4! j

j ! X5
X5! k

k ! X1
X1! l

l! X1
l + X2! m

m! X3

Formal)CRN)

Tidy)implementa2on)CRN)



First)aGempt:&reachability&between&formal&states&

For(every(formal(ini.al(state,(the(set(of(reachable(formal(states(must(be(
exactly(the(same(for(the(two(CRNs.(

Besides,&reachability&between&two&specific&states&is&an&extremely&hard&problem.&
(EXPSPACElhard)&
&
Now&we&have&to&test&for&reachability&between&every&pair&of&formal&states.&



Bisimula2on)approach)

Inspired&by&the&standard&noWon&of&weak&bisimula.on&from&state&transiWon&
system&literature.&

[Dong&2012]&

A& A&

A& B& A+B&

A+B& C& D&

D& D&

A ⌦ i

i + B ! j

j ! C + k

k ! D

A! E
A& E&

A + B ! C + D

A! E

Two&CRNs&are&bisimulaWon&equivalent&if&we&can&find&a&good&“interpreta2on”&
of&the&species&of&the&implementaWon&CRN.&



A ⌦ i

i + B ! j

j ! C + k

k ! D

A! E

Bisimula2on)approach)

Inspired&by&the&standard&noWon&of&weak&bisimula.on&from&state&transiWon&
system&literature.&

[Dong&2012]&

A& A&

A& B& C+D&

C+D& C& D&

D& D&

A& E&

A + B ! C + D

A! E

Two&CRNs&are&bisimulaWon&equivalent&if&we&can&find&a&good&“interpreta2on”&
of&the&species&of&the&implementaWon&CRN.&



Bisimula2on)approach)

Inspired&by&the&standard&noWon&of&weak&bisimula.on&from&state&transiWon&
system&literature.&

[Dong&2012]&

Two&CRNs&are&bisimulaWon&equivalent&if&there&exists&an&“interpreta2on”&of&
the&species&of&the&implementaWon&CRN&as&formal&species&such&that:&

1)  Atomic:&For&every&species&X&in&the&formal&CRN,&there&is&at&least&one&
species&in&the&implementaWon&CRN&that&is&interpreted&as&X.&

2)  Delimi2ng:&Under&the&interpretaWon,&the&set&of&reacWons&in&the&two&
CRNs&are&exactly&the&same,&up&to&trivial&reacWons.&

3)  Permissive:&For&any&state&S’&of&implementaWon&CRN,&if&S&is&its&
interpretaWon&and&a&formal&reacWon&R&can&occur&in&S,&then&there&exists&
at&least&one&reacWon&R’&in&the&implementaWon&CRN&which&can&“occur”&
in&S’&and&whose&interpretaWon&is&R.)



Bisimula2on)approach)

BisimulaWon&approach&can&handle&all&exisWng&DNA&implementaWons.&
&
However,&in&the&long&run,&it&may&have&certain&limitaWons:&

[Dong&2012]&

A 

B C 

A 

B C 

i 

“Delayed)choice”)
l  Seems&to&be&related&to&opWmizaWon&of&#&species&and&#&reacWons.&
l  Can&naturally&occur&in&DNA&strand&displacement&systems.&





Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&
B&

A! i i&
B&

B ! j i&
j&

j ! D i&
D&

C&
D&

i! C



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&
B&

i&
B&

i&
j&

i&
D&

C&
D&

A& i& C&

B& j& D&

decompose&



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A& A! i

i& B&
j&

C&
i! B B ! j j ! C



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

decompose&

A&
i& B&

j&
C&

A&
i& B&

B&
j&

C&



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&formal&pathway&is&decomposable&if&
&
1.  it&can&be&parWWoned&into&two&or&more&formal&pathways,&or&

2.  it&can&be&parWWoned&into&a&formal&pathway&and&a&fuWle&loop.&

The&formal)basis)of&a&CRN&is&defined&to&be&the&set&of&(iniWal&state,&final&state)&pairs&
of&all&undecomposable&formal&pathways.&

A ⌦ i

i + B ! j

j ! C + k

k ! D

A! E

A + B ! C + D

A! E

Formal)basis)

A! A

A + B ! C + D

A! E



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&CRN&is&called&regular&if&every&undecomposable&formal&pathway&has&a&clear&
“turning)point”.&

The&formal)basis)of&a&CRN&is&defined&to&be&the&set&of&(iniWal&state,&final&state)&pairs&
of&all&undecomposable&formal&pathways.&

A ⌦ i

i + B ! j

j ! C + k

k ! D

A! E

A + B ! C + D

A! E

Formal)basis)

A! A

A + B ! C + D

A! E

A&
B&

A! i

i&
B&

j&
k&
C&

D&
C&

i + B ! j j ! C + k k ! D



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&Wdy&and&regular&implementaWon&CRN&is&pathway)decomposi2on)equivalent&
to&the&formal&CRN,&if&its&formal&basis&is&equal&to&the&formal&CRN&up&to&trivial&
reacWons.&

Can&handle&delayed&choice!&

A 

B C 

A 

B C 

i 



Pathway)decomposi2on)approach) [S&2011]&[S,&Thachuk,&Winfree&2014]&

A&Wdy&and&regular&implementaWon&CRN&is&pathway)decomposi2on)equivalent&
to&the&formal&CRN,&if&its&formal&basis&is&equal&to&the&formal&CRN&up&to&trivial&
reacWons.&

But&there&are&some&implementaWons&that&pathway&decomposiWon&can’t&
handle&while&bisimulaWon&can.&

A + B ⌦ C + D

[Qian,&Soloveichik,&Winfree&2011]&

A ⌦ i

i + B ⌦ j

j ⌦ k + C

k ⌦ D

ImplementaWons&have&to&“touch)the)base.”&



Open)problems)

1.  Understand&exisWng&noWons&beUer.&

2.  “Hybrid&approach”&[S,&Thachuk,&Winfree&2014]&

3.  Can&we&incorporate&chemical&kineWcs?&

4.  JusWfy&simplificaWon&of&reacWon&enumeraWon&semanWcs?&

5.  VerificaWon&in&CRNs&that&involve&polymers?&

6.  ComputaWonal&complexity&of&tesWng&equivalence&noWons?&Faster&algorithms?&
[Johnson&2014]&[Hesse,&work&in&progress]&

7.  OpWmizaWon&of&CRN&implementaWons?&Delayed&choice&phenomenon?&

8.  Are&these&theories&applicable&in&other&related&areas?&

9.  Category&theory?&


